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The present article proposes a model using the inverse problem to find 

locations and pumping discharges of   unknown wells. The simulation is 

performed by using the two-dimensional groundwater flow equation, which is 

solved by  the finite difference numerical technique. The learning automata 

algorithm has been used as a tool for  optimization.  The simulation and the 

optimization models are linked to obtaining the final model. To identify the 

 location and discharge of the unknown wells, the proposed model changes the 

discharges of the wells and studies  the influence on the objective function 

which is the root mean square error of the calculated and observed   piezometric 

head. The wells which increase the objective function are deleted. After the 

completion of this  stage, the locations of the wells are moved to the vicinity in 

all directions and the locations which yield fewer  errors in terms of the 

objective function will result in the final locations. To check the efficiency of 

this  model, two hypothetical aquifers were used in  a steady and unsteady flow 

state, in which there are some  unknown wells. The prepared model showed the 

 ability to determine these wells' number, location, and flow rate  with the 

accuracy of the root mean square error of 0.061 meters in the first numerical 

example and 0.010 in the second numerical example. 
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1- ��()�  

���9��l%m 8	���9 K� ���� ])�B n �9 I�� ��%" �9 .G�� ��� ���L ����� om�!� �� 8	�7'9 	� �!7����� 8�)  8�
])�*+ �L��< �B K� �9 a%9�� �)  ���7-�� M�%;� p�� �9 �!7����� 8�)1/10 $�� Y79 �J	�  8�)1978  ��2017 
 G�� �;H�� ]��^H�)Jia et al., 2020(���9 .�9 8	���9 ��O� �� ���	�-�'=�< � �!7����� 8�)�� �7<� 8�) n �9 ���%�

 ����P9 G7>F� ��d��)Samani, 2021( E7���;'7� ])�B �  E��;��^7+ r%Z�)Van Camp et al., 2010(  .�%�
��) G7>�L \��� ]��^H� �7VW�K� I����%� 	� �!7����� �>�%� �9 �� N9�� �!7����� 8�)  G�� �L%�)Yar, 2020(  �

�� ]��^H� �	 Y7�� G'����H �Z< �)�)Nguyen et al., 2022( �9 Y7�� G'����H � K� ])�B N7-�  �!7����� 8�)
���9 ���%� N9�� 	%m  � ��;L� � 8��s;�� �>�%� \��� ��L%�)Su et al., 2021( !�^)�+ � 	�=� I��77U� � �

G<����� ���L �!��� 8��� 8�)$���B � �)  ��" � K� \��%� 8�))Castellazzi et al., 2021( K� @�A�+ .���"  8�)
�� �!7����� �!B Q)��H �	 ���<��	 �9 	%� K� t%O� ]��^H� ��=�� � ���9 ���<��	 ���+ ����L ])�B N��  ���%�

)Peters et al., 2022(��O� �� �� �� ]79 @�A�+ . �B G�� ���L ����� �� �.m�!� 	� u	^9 8����� �!7����� 8�)
]7+�9 ���O;�� �7"	� �� ��O� �� ���	�� v�	 ��7?�� I��77U� �� �� � ���%9 �!7����� 8�) ����9)Ejaz et al., 2022( f
Q) �� Y7!: �	�_�9 �7VW� K� � ���_S G7!�� �9 ���%�)Dangar et al., 2021( �9 �9 �d!� ����DV � � ��;L� 8�)

]79 8��s;�� �� 	� ��  ���" ��!�� �)�)Mazzoni et al., 2018(.  
Q�� �� �=� K� G����� 8�;��	 	� I�=�� Y��� �!7����� 8�) �� K� G����9 NP� � ��^7� �� X�m� R�  

��O��9 w��%�  �B G�� �!7����� 8�) �� I	%J ��d��7S I	%J �����!� �!7�� 	� �B��� I�>-�Z� ��) Y�� �9 .���_+
��: ��=� �� @�A�+ �9� � �;<�!��� �� � ��d��7S 8�) .G�� �;H�" I	%J �)  

R�d�� I�>-�Z�  x%s< 	� ����!7�9 ���81 �=���: � K� �y�B G����� 8�;��	 	� g?S� �)  �9 �!7����� 8�)
��: �9� � ��=� Y77>� �� ���O;��  o�	^� � @�A�+ 8�))Elçi and Ayvaz, 2014; Park et al., 2021; Redoloza 

and Li, 2019; Tameh et al., 2016( K� �O7B G����� �� �  � ��^7� � \D!� �����!� �� ���O;�� �9 �!7����� 8�)
K� �"�%-� 	��;��  �!7����� 8�))Bashi-Azghadi and Kerachian, 2010; Janža, 2022; Mehmood et al., 

2020; Sit et al., 2021( �� X�m� R�  ��) Y�� �9 .���9��: �� @�A�+ ��^7� � G7>�%� ���>� ��  �%L%� G����9 8�)
G�� �� � Y=���� �	 [��)� Y�� �9 ���;�� �� Gb� QB.�����  

Tung and Chou )2004�.Dm 8%�-� E� ( 8�!9 � K� @�A�+ p�� Y7���7� Y7�b� 8��9 �	 %9�� 8%d;'L � ��
 � �!7������!7�9 ����!�+ 8�9 ����)��� � ���D��P� K� ���� 8�Z< NF�O� �� ���O;�� �9 8�!9  .�!;H�" 	�BSaffi and 

Cheddadi )2007�9 8��9 8�DL C�	 E� ( G�� ��7� ��%b9� E� 	� 8��_+t%O� g���F `����� ��	��  ���P�
E� �9 t%O� g���F G���� 	� � ����� �z�	� 8�>9 G�� �9 �!7����� K� �� ��%��� �7S @�A�+ �����!� 8��9 �	 ����  	�B

 .�!;H�"Ayvaz and Karahan )2008( �7D� $�� E� 8���- �!7�9 ���82  �� 	� �B ����� �z�	� 	��=� �9 �!;D�
��: �� R��B�) ��: ���>� � �� ���� 	��� ��%� ��� E� 	� �) �!��� 8�)�� @�A�+ �9� � �;<  Q;�	%�-� �� ���O;�� �9 �	 �)

�!7�B � E7;�@ �9 ����)��� � ���D��P� �=7-�	�7) I� �O�	� NF�O� ��%��  .���	�� G��Saffi and Cheddadi 
)2010�9 �	 �!7����� K� �� ��d��7S @�A�+ ( �%=>� �?&'� E� ��%! 3 �� .�!;H�" �T� 	�  ���P� ���-� C�	 �� �)

�9 �7D� 	%T!� � e%=�� om�!� 8%d;'L 8��9 �F�H {?;b� 8�)%�	�!� 8���!7�9� ���N���� �� ���O;�� �9 8  ���B
�7D� �=7-�	�7) X�O�	� I�>9�� 8�Z< .����B ���O;�� ����)��� � ��� 8���  

�9 �%=>� �?&'� �� ���O;�� ��	 E� ��%!  $�� 	� �Vk� 	�B K� 8���  �B G�� �)� �� �� ]79 �!7����� 8�)
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 G�� �;H�" 	��� ���O;���	%�)Tsai et al., 2005($�� .  �� ���O;�� �9 I� �m� Y7�b� �!���H �%=>� 8���
������ 8�7"�9 8�)  G�� ���� G��)Carrera et al., 2005( I��)��� v��;� �� ���O;�� �9 �%=>� �?&'� G.7.� 	� .

�9 �B Q;'7� �9 a%9�� 8�)�;��	�+ Y7�b� 8��9 �>��� �9 � �;��	 �	��� �!;'7� �D��P� N9�� Q7.;'� I	%J  �	��
)Bai et al., 2020(])�*+ 	� �%!B�� �%=>� �?&'� .  ��>;� 8�)�!7�9 ���K� 8  �!7����� 8�))Boyce and 

Yeh, 2014; Hörning et al., 2019; Winton et al., 2011(K� ��!�l� \9�!� � $�.;�� Y7�b�   �!7����� 8�)
)Giacobbo et al., 2002; Halloran et al., 2019; Hokr and Balvín, 2021; Huang et al., 2008; 

Moghaddam et al., 2021; Motevalli et al., 2019; Zio, 1997( ��%� �=7-�	�7) 8�)�;��	�+ Y7�b� � �)
)Alcolea et al., 2006; Ferraresi et al., 1996; Park et al., 2021( �9 .G�� �;H	 	�B  

$�� 	� Q;�	%�-� �� ���O;�� �7<� 8�) X%!;� Nz�'� 	� �?��=� 8�)�!7�9 ��� l�9 �����%� �!��� �O?;b� N�l� �9 8
 G�� �;H�� C�;'" 	�7'9 K%?Z� K�%L Y;H�� 	�)Ayvaz and Karahan, 2008(C�	 .�;�%.� 8�7"��� 8�)4  �!;D�

�7"��� 8����%�� Q;�	%�-� �95  ��7|7+ Nz�'� N� 	��!7�9 ����9 8 K� ]��+ 	%T!� �� ���	�B 	�7'9 �!7����� 8�) �!��9
)Babbar-Sebens and Mukhopadhyay, 2009(�9 �7"��� 8����%�� . E7!=� �� �=� ��%!  E� � %!s� C%) 8�)

�� N�  �;�%.� 8�7"��� K%:	�: 	� �B G�� �H��s� $���!B  ��7|7+ Nz�'� �� 8	�7'9 N� 8��9 �7O� 8	�^9� �
 �	��� �%L� M7P� �9 a%9�� I� �m� NB �9 ���;�� �� � �	�� �%L� G7>Z� R�  �� 	� �B G�� �>��� 8�7��

)Rezvanian et al., 2019( .Tilak et al. )2011 E� N� 8��9 �7"��� 8����%�� �9 �!;D� 8�7"��� Q;�	%�-� �� (
 ��7|7+ �?&'��!7�9 ���!: 8.����B ���O;�� 8	��^7b9� G����� �9 a%9�� �	�7>��  

��: ��=� �����!� �9 a%9�� Nz�'� �"�7|7+ �9 �L%� �9 ])�*+ ����� �;<�!��� �� ��d��7S 8�)  	� ����Bt 8�)
G����P� �9 x%s< Y�� ��: ���>� Y7�b� 	� �����%� R�  N7D� �� ���)  8l�9 Qd� �;<�!��� �� ��d��7S 8�)

�D��P��9 M���� 	� �;� I ��: ���>� 8�7"	�B ��: ���>� �%L� M���� 	� �����%� R�  � QB �;<�!��� 8�)  �;<�!��� 8�)
]79 �� �L�%� �� .�!��9  

�9 �����%� N7-� @�A�+ �9� � ���>� ��=� Y77>� 	� �� �� 	�9 Y7-�� 8��9 ])�*+ Y�� 	� �7"��� 8����%�� C�	 8�)
��: ��9 	� �;<�!��� 8�)� ���>� � �9� G7>�%� Y7�b� G7?9�� C�	 Y�� .G�� ��� ���O;�� �!7����� K� ��O� �� 8	���9
��: �� ���>� 	� G����P� ���9 � {?;b� M���� 	� �;<�!��� 8�)  N7=�� �?��� �� �� 8���!�7+ C�	 .G��	�� �	 �)

9 �F�H ������L � �9� �9 8���!�7+ ��: 8���>� $�� �?��� 	� .G�� ����� {��>� $�� 8�� [_� R�� �?��� 	� .�%�
��: �� ��	�9 8���!�7+ 8�) ��: Y�� �� R��B�) � ���" $�>H�7S �B �) �� ���B �� ])�B �	 $�� 8�Z< �)  $�� �� �)�

�� [_���: G7>�%� R%� �?��� 	� .��%� ����'�) 	� �����7��9 8�)�� ��	�9 �%< 8�)��: �� R��B�) � ���"  	� �)
%J 8�Z< �9 ��7�	 I	E:%B �� �� $�.;�� �T��	%� �Z.� �9 ���'�) a�.� �� R��B �) 	� �� �F�� ])�*+ 	� .�9��

�� ���O;�� �%=>� �?&'� �� ���O;�� �9 N��7D� �� 	� �B �%� � 8����!7�9 ����� g7B�� Q) �9 8 ���� v��;� .����"
���	%<�9 ��l�9 G �� � G�� �� C�	 Y�� �B �)��� 	�.���9  
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2- 1 - ��,�	������� ��� -. 	/��# ����  

�7D� 8��9�-��>� �� �!7����� K� ��O� 8��� �7S Y��)�� 	��H GP� ��%b9� 8��9 �!7����� K� ����L 8�>9 �� 8
 }����^��)Bear, 2012() �-��>� 	� ����Bt r�� �9 1.G�� ��� ���O;�� (  
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 �Z9�	1(  
��� ��� �ℎ��� + ��	 ��
 �ℎ�	� + � ��� , 	� , �����	 �� − �� , 	 − 	�� = � �ℎ�� |� ∈ �, � ∈ ���  

  ��� − ��, 	 − 	�� = �1    �    � = ��, 	 = 	�0    �    � ≠ ��, 	 ≠ 	� 
) �-��>� 	�1 (h �=7-�	�7) X�O�	�6 #L$ T $�.;�� G7?9��7 

[L
2

T]⁄ x  �y  N.;'� ��	�B� I�s;b�#L$ n  � %�d�
��: ��) ��=� �B ~<�� �� ~b�� �	 o�	^� � @�A�+ 8�) �!BD �	�� ���>��;H�" �T� 	� ����� 8�)  ���Q�xi,yi

, t� 
 ��: o�	^� / @�A�+ p��i  ����� �	�� 	� R�t  R�&L3 T⁄ ' δ�x-xi, y-y

i
� e���� 8�;-� \9��8  �S ��7<t g��F9  �-��>� Y�� .G��

�;''" �� `+ R�� M�%� ���P� NF�O� C�	 �9 8��� %?H��� 	�^H�10 )2005( �� N� ���")Harbaugh, 2005(.  
  

2- 2-  +�#���0
 ��� ������ �� ��! � �  

 C�	 E� C�	 Y���!7�9 ���N���� [�) \9�� E� �� 	� �B G�� �Z<�7S 8 �� 8��� ���>� �F�� o7.P� 	� .���"
 @�A�+ �9� � ��=���: �;<�!��� 8�)K�b;�� [�) \9�� .G�� $%�d�   X%�d� Y7���7� 	_L 8�Z< �� G�� I	�D  ���
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Figure 1. �Location of the central point – �Location of neighborhood points 
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Figure 2. Flowchart of the proposed method 
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���) 	%m  $��L 	� �B)1( ��: ��) o7�� G7>�%� Y;H�� �9 oH%� 8���!�7+ $�� G�� ��)��� N9��  @�A�+ 8�)
]79 � ����"  ��: 	� @�A�+ �9� ��^7� �D��P� 	� �D'� 8�Z< Y���PW2  $��>� �5/1  �D'� 8�Z< Y7���7� �J	�

6/0  8�Z< � �J	�RMS  �9 �9��9061/0 �9 �;� ���� �B ��� G�� �;� K%< o9�Z� ��!)��� G7>��� �9 $�� v�.���9  
  

 
Figure 3. (a) Plan view of two-dimensional confined aquifer (b) Discretized aquifer simulation 

  

  
Figure 4. (a) Hydraulic head contour of groundwater (meters) (b) Utilized transmissivity field (m2 day)⁄  

  

  
Figure 5. (a) Placement of proposed wells in the first step (b) Results of the second step of optimization 
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Figure 5. (c) End of the third step of optimization (d) Calculated hydraulic head contours of groundwater at the 

end of the optimization (meters) 

  
Table 1. Comparison of exact and proposed method results 

Simulation  

number 
RMS  

error 
Percent of  

relative error 
Pumping discharge Pumping well location 

Well name 
Identified Exact Identified Exact 

46247 0.061 

0.9 4036 4000 (5, 5) (5, 5) PW1 
1.5 4060 4000 (10, 25) (10, 25) PW2 

0.1 4003 4000 (16, 16) (16, 16) PW3 

0.5 4020 4000 (21, 27) (21, 27) PW4 
0.3 1995 2000 (27, 11) (27, 11) PW5 

  

2- 3 - 6- (#��(��� ��C ���?) �� 7�;�  
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�� I��O;�]79 � ���9  �� 8�%�  � �.H� �?J�H Y����9 g7��� 8360  � �;�12160 �� �;� 	� ��7<t g��F .���9
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190  N=� .G�� ��� �;''" �;�)c-6( �� ���� �	 ��%b9� $�.;�� G7?9�� {?;b� ����.� ^7� .�)� �!7�9 ��� $�� 8
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Figure 6. (a) Plan view of the two-dimensional confined aquifer (b) Discretized aquifer simulation 

  

  
Figure 6. (c) Utilized transmissivity field(m2 day)⁄  
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Figure 7. Hydraulic head contours of the groundwater at various time durations (meters) 

  
Table 2. Location and pumping discharges of known wells 

Pumping discharge at various time durations m3 day⁄ � 
Well location Well name 

4 3 2 1 
2000 5000 3000 1000 (11, 20) PW1 

0 5000 3000 3000 (23, 26) PW2 

3000 3000 4000 2000 (36, 15) PW3 

  
Table 3. Location and pumping discharges of unknown wells 

Pumping discharge at various time durations m3 day⁄ � 
Well location Well name 

4 3 2 1 
2000 2000 4000 3000 (37, 27) IPW1 

3000 4000 5000 2000 (57, 24) IPW2 
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Figure 8. (a) Placement of proposed wells in the first step of the first-time duration, (b) Results of the second step 

optimization of the first-time duration, (c) End of the third step optimization of the first-time duration 
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Table 4. Identified specifications of unknown wells at various durations 

Identified pumping discharges  

at various time durations 

Location of the identified pumping wells  

at various time durations 
Well  

name 
4 3 2 1 4 3 2 1 

1990 2000 3992 3005 (27, 37) (27, 37) (27, 37) (27, 37) IPW1 

3007 4000 5007 1995 (24, 57) (24, 57) (24, 57) (24, 57) IPW2 

  
Table 5. Error of the proposed model and the number of iterations in the simulation 

Number of 

simulations 

RMS error Percent of relative error 
Time period 

(m) IPW2 IPW1 

13266 0.006 0.25 0.17 1 

19444 0.006 0.14 0.20 2 

12549 0.002 0 0 3 

17410 0.010 0.23 0.50 4 

 
Figure 9. Calculated hydraulic head contour of groundwater at the end of the optimization process of various 

durations (meters) 
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���) 	%m  	� �B$��L 8�) )6(  ��)8( G-�� ����� 	� G�� �����" ~b�� �9 	��� 8���!�7+ $�� 	%B_� 8�)
��: o7�� G7>�%� Y;H�� ]79 .G�� �����" $%D� N9�� 8�Z< �9 �9� ����.� � �) ��: @�A�+ p�� 	� �D'� 8�Z< Y���  �)

7/2 ]79 � �J	�  8�Z< Y���RMS 065/0 G-�� �9 �;'9 I�D��P� 	� 	��=� ���>� .G�� ��%9 �;� 	� {?;b� 8�)
��� �;H�" �T� �� I��O;�.G�� �>7Dm 8��� �B ���9 

 

  
Figure 10. Placement of proposed wells in the first step, in different modes 

  
Table 6. Comparison of exact and identified results in the proposed placement conditions of 25 wells starting with 

500 m3/s discharges 

Simulation  

number 

RMS  

error 

Percent of  

relative error 

Pumping discharge Pumping well location Well  

name Identified Exact Identified Exact 

47241 0.060 

0.7 4027 4000 (5, 5) (5, 5) PW1 

1.1 4045 4000 (10, 25) (10, 25) PW2 
0.7 4027 4000 (16, 16) (16, 16) PW3 

0 4000 4000 (21, 27) (21, 27) PW4 

0.3 1995 2000 (27, 11) (27, 11) PW5 

  
Table 7. Comparison of exact and identified results in the proposed placement conditions of 25 wells starting with 

2000 m3/s discharges 
Simulation  

number 

RMS  

error 

Percent of  

relative error 

Pumping discharge Pumping well location Well  

name Identified Exact Identified Exact 

68036 0.065 

0.9 4035 4000 (5, 5) (5, 5) PW1 

2.7 4106 4000 (10, 25) (10, 25) PW2 
1.0 3960 4000 (16, 16) (16, 16) PW3 

1.0 4040 4000 (21, 27) (21, 27) PW4 
0.3 2005 2000 (27, 11) (27, 11) PW5 

  
Table 8. Comparison of exact and identified results in the proposed placement conditions of 64 wells with a flow rate 

of 1000 cubic meters per day 
Simulation  

number 

RMS  

error 

Percent of  

relative error 

Pumping flow rate Pumping well location Well  

name Identified Exact Identified Exact 

67462 0.064 

1.0 3959 4000 (5, 5) (5, 5) PW1 
1.7 4067 4000 (10, 25) (10, 25) PW2 

2.7 4106 4000 (16, 16) (16, 16) PW3 

0.7 3974 4000 (21, 27) (21, 27) PW4 
0.4 1992 2000 (27, 11) (27, 11) PW5 
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Figure 11. Placement of proposed wells in the first step, in different modes 
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Table 9. Comparison of exact and identified results in the proposed placement conditions of 992 wells 

with a flow rate of 1000 cubic meters per day 
Simulation  

number 

RMS  

error 

Percent of  

relative error 

Pumping flow rate Pumping well location Well  

name Identified Exact Identified Exact 

44600 0.061 

0.95 4038 4000 (5, 5) (5, 5) PW1 
1.4 4055 4000 (10, 25) (10, 25) PW2 

0.03 4001 4000 (16, 16) (16, 16) PW3 

0.13 4005 4000 (21, 27) (21, 27) PW4 
0 2000 2000 (27, 11) (27, 11) PW5 

 
Table 10. Comparison of exact and identified results in the proposed placement conditions of 25 wells 

with a flow rate of 1000 cubic meters per day for 8 unknown wells 

Simulation  

number 
RMS  

error 
Percent of  

relative error 
Pumping discharge Pumping well location Well  

name Identified Exact Identified Exact 

552617 0.080 

0.0 3999 4000 (5, 5) (5, 5) PW1 
3.1 3877 4000 (10, 24) (10, 25) PW2 

0.3 3987 4000 (16, 16) (16, 16) PW3 

2.1 4085 4000 (21, 27) (21, 27) PW4 

0.2 1997 2000 (27, 11) (27, 11) PW5 
  1.9 4905 5000 (4, 17) (4, 17) PW6 
  0.1 2997 3000 (19, 3) (19, 3) PW7 
  0.5 1990 2000 (29, 21) (29, 21) PW8 
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1. Optimization 

2. Simulation–Optimization (S/O) 

3. Inverse problem 

4. Reinforcement learning 
5. Learning Automata (LA) 

6. Hydraulic head 

7. Transmissibility 

8. Dirac delta function 
9. Storage coefficient 

10. Modflow 
11. Root mean squared (RMS) 
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