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The present article proposes a model using the inverse problem to find
locations and pumping discharges of unknown wells. The simulation is
performed by using the two-dimensional groundwater flow equation, which is
solved by the finite difference numerical technique. The learning automata
algorithm has been used as a tool for optimization. The simulation and the
optimization models are linked to obtaining the final model. To identify the
location and discharge of the unknown wells, the proposed model changes the
discharges of the wells and studies the influence on the objective function
which is the root mean square error of the calculated and observed piezometric
head. The wells which increase the objective function are deleted. After the
completion of this stage, the locations of the wells are moved to the vicinity in
all directions and the locations which yield fewer errors in terms of the
objective function will result in the final locations. To check the efficiency of
this model, two hypothetical aquifers were used in a steady and unsteady flow
state, in which there are some unknown wells. The prepared model showed the
ability to determine these wells' number, location, and flow rate with the
accuracy of the root mean square error of 0.061 meters in the first numerical
example and 0.010 in the second numerical example.
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Figure 2. Flowchart of the proposed method
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Figure 3. (a) Plan view of two-dimensional confined aquifer (b) Discretized aquifer simulation
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Figure 5. (a) Placement of proposed wells in the first step (b) Results of the second step of optimization
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Figure 5. (c) End of the third step of optimization (d) Calculated hydraulic head contours of groundwater at the
end of the optimization (meters)

Table 1. Comparison of exact and proposed method results

Well name Pumping well location Pumping discharge Percent of RMS Simulation
Exact Identified Exact Identified relative error error number
PWI1 (5,5) (5,5) 4000 4036 0.9
PW2 (10, 25) (10, 25) 4000 4060 1.5
PW3 (16, 16) (16, 16) 4000 4003 0.1 0.061 46247
PW4 (21,27) (21,27) 4000 4020 0.5
PW5 (27, 11) 27, 11) 2000 1995 0.3
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Figure 6. (a) Plan view of the two-dimensional confined aquifer (b) Discretized aquifer simulation
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Figure 7. Hydraulic head contours of the groundwater at various time durations (meters)

Table 2. Location and pumping discharges of known wells

Pumping discharge at various time durations (m*/day)

Well name ‘Well location
1 2 3 4
PW1 (11,20) 1000 3000 5000 2000
PW2 (23,26) 3000 3000 5000 0
PW3 (36, 15) 2000 4000 3000 3000

Table 3. Location and pumping discharges of unknown wells

Pumping discharge at various time durations (m*/day)

Well name ‘Well location 1 3 3 2

IPW1 (37,27) 3000 4000 2000 2000
IPW2 (57,24) 2000 5000 4000 3000
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Table 4. Identified specifications of unknown wells at various durations

Location of the identified pumping wells Identified pumping discharges
Well . . . . . .
at various time durations at various time durations
fame 1 2 3 4 1 2 3 4
IPW1 (27,37) (27,37) (27,37) (27,37) 3005 3992 2000 1990
IPW2 (24, 57) (24, 57) (24, 57) (24, 57) 1995 5007 4000 3007

Table 5. Error of the proposed model and the number of iterations in the simulation

Time period Percent of relative error RMS error Number of
IPW1 IPW2 (m) simulations

1 0.17 0.25 0.006 13266

2 0.20 0.14 0.006 19444

3 0 0 0.002 12549

4 0.50 0.23 0.010 17410
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Figure 9. Calculated hydraulic head contour of groundwater at the end of the optimization process of various
durations (meters)
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Figure 10. Placement of proposed wells in the first step, in different modes

Table 6. Comparison of exact and identified results in the proposed placement conditions of 25 wells starting with

500 m*/s discharges
Well Pumping well location Pumping discharge Percent of RMS Simulation
name Exact Identified Exact Identified relative error error number
PWI1 (5,5) (5,5) 4000 4027 0.7
PW2 (10, 25) (10, 25) 4000 4045 1.1
PW3 (16, 16) (16, 16) 4000 4027 0.7 0.060 47241
PW4 (21,27) (21,27) 4000 4000 0
PW5 (27,11) (27,11) 2000 1995 0.3

Table 7. Comparison of exact and identified results in the proposed placement conditions of 25 wells starting with

2000 m*/s discharges
Well Pumping well location Pumping discharge Percent of RMS Simulation
name Exact Identified Exact Identified relative error error number
PW1 5,5) 5,5 4000 4035 0.9
PW2 (10, 25) (10, 25) 4000 4106 2.7
PW3 (16, 16) (16, 16) 4000 3960 1.0 0.065 68036
PW4 (21,27) (21,27) 4000 4040 1.0
PW5 (27,11) (27,11) 2000 2005 0.3

Table 8. Comparison of exact and identified results in the proposed placement conditions of 64 wells with a flow rate
of 1000 cubic meters per day

Well Pumping well location Pumping flow rate Percent of RMS Simulation
name Exact Identified Exact Identified relative error error number
PWI 5,5) 5,5) 4000 3959 1.0

PW2 (10, 25) (10, 25) 4000 4067 1.7

PW3 (16, 16) (16, 16) 4000 4106 2.7 0.064 67462
PW4 (21,27) (21,27) 4000 3974 0.7

PWS5 (27,11) (27, 11) 2000 1992 0.4




Lo o)) Sed g g podla Jhan 9 Syl [ pol ((Ulogi) wis 55) ] 00l b 4B il gbols fluoy (19 9 H1K0 (ot bwlid

o35 Gy wygo oyl )3 a8 Wbl b lgsol K aslusl clvoly dluss  adly bl yd > canl (See 05 B )b ]
e wyp sl 1 050 eoltiw] luslre Jgl dlspo j> ¢ galpinig ol> (o0 dlas 5l Cuwl p3Y laols (0> 5 Curbge
s s ble slitul & g3 oyl blE den 535 55 0 (38 b o Jlo e 55 bbb 2 eitsy ol
S 035 S oy 3 ceSapie Vere (03 b ol AR glay) 4Ll (slacly (odletiy (e plids il (Sgyn
5 Sygoclen e osal () Uiz > ol gl 5 (V1) S 5 Slaobro Jg donge 5 (53 slooly (lalls
b gl 0 wesS g 43lil (laols 38> Jomo g dlawi il 4 B S he Jho 5 b pl ) wuwl asuiie
Lyl il ialS acdls plo b awslis 1 (gilodnd 1 b)) )S5 sl b cpl 3 canl S5 4 p5Y il o gllas
ol Bl sl byl ST oliw g cuwlacdls plo jl 5ot (s (ol dlspe 0 0l olails (ool (slaols dliss a3
Sy Cal pin S el ple b duslie ) (cusl ols 0 Jlio opl 5 a5) aslisl slaols daws &) yduw; g baols
2 03lagdly (glaely o 155 5 Ll e Camday oyl (giloatige Jgl dlopo (b )3 laoly ST (3 oS e ol 4
Mo 1B 5o & py Al yo 3 53hotsss 3 oS5 a5 anloly (555 o & 555 ot 3 Aoy
099y OB LS wunl 25 cusdy S Al shaoly sl & ety j> cudly Hlanl g e cplpls (cal ddl il
b awlio o (ool slaols 6 laicds dppg0 bl dcr (58,5 ,a3 > (peud > bl odlaiwl LB oolpiin
s ials ) lalasMo b 15b Wy oo sl o 03l j1E Jae ) (ool oly (558 sl Sl &8 glacdls
Db sl gilwdns la )| S5

spg 00 b sl Jlio 1l 5 Sl (slaoly o o 3 sy (nl b o sl s 2
o e oty Sl ol St ool 53 b aliu L) > it g 43,5 o 453 oy ol cun
)5 a5y loanlie (Sgpaen gli)) plgisar layiagi (lKe 5 osal Cusday (Sgyum glis) s 9 2,5
sboly (lidny leils (VWD) JKb 03,5 (28 aslisl slaoly Glyicas Gleay oy cadar cul bl ) 45
Ol & bgye Slusle ol Ve Joio g 4Ll jloy ol Cudin 385 Cumdge 9 Cluwlne Jol dlape ) (0558
Caad (38> CusBgo 48l 4y 3890 (oolpiuing o) Cwl sdalin LB als > a5 jebylen s o olis 1y cls
1 Al IS olsiee ool 51 (S b Soluad (58l 5 43150 oy

d . b

D00 o/e[e)® o/e ‘H)
LICIC ) o000 00 L] £100 100 1001 100 100!
000 o oefe 00 000 D D D D °
J oee 0
® ' *
>
>
2500 2500
d £100 100! 100! 100! 100!
@ 0 ° 0 ° 0
2000 oeee pooon0 o0 2000
00 000 oo 1001 100! 1001 100! 100
0 oee o0 D D 0 D 0
J @4 10 0 -@»
500 1500
£100 100 100 100 100
@4 ° D ° D -@-
1000 1000
ee/o0 eeeeee o0
(] LICI ) L] 1001 1 1001 100 100!
w0 0 noi o000 0 w00 D D _&‘Z 0 D 0
> > 0
|
o N [
o 500 2000 2500 3000 500 2000 2500 3000

Figure 11. Placement of proposed wells in the first step, in different modes
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Table 9. Comparison of exact and identified results in the proposed placement conditions of 992 wells
with a flow rate of 1000 cubic meters per day

Well Pumping well location Pumping flow rate Percent of RMS Simulation
name Exact Identified Exact Identified relative error error number
PWI1 (5,5) (5,5) 4000 4038 0.95

PW2 (10, 25) (10, 25) 4000 4055 1.4

PW3 (16, 16) (16, 16) 4000 4001 0.03 0.061 44600
PW4 (21,27) (21,27) 4000 4005 0.13

PW5 (27, 11) 27, 11) 2000 2000 0

Table 10. Comparison of exact and identified results in the proposed placement conditions of 25 wells
with a flow rate of 1000 cubic meters per day for 8 unknown wells

Well Pumping well location Pumping discharge Percent of RMS Simulation
name Exact Identified Exact Identified relative error error number
PWI1 5,5) 5,5) 4000 3999 0.0

PW2 (10, 25) (10, 24) 4000 3877 3.1

PW3 (16, 16) (16, 16) 4000 3987 0.3 0.080 552617
PwW4 (21, 27) (21, 27) 4000 4085 2.1

PW5 (27, 11) (27, 11) 2000 1997 0.2

PW6 4,17) 4,17) 5000 4905 1.9

PW7 (19, 3) (19, 3) 3000 2997 0.1

PWS8 (29,21) (29,21) 2000 1990 0.5
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. Inverse problem
. Reinforcement learning
. Learning Automata (LA)
. Hydraulic head
. Transmissibility
. Dirac delta function
. Storage coefficient
10. Modflow
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