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Abstract 
Rivers are one of the most important natural water resources in the world. Pollution transport modeling in rivers is performed by the partial 
advection-dispersion-reaction equation (ADRE). In the present study, using the Laplace transform, which is a powerful and useful tool in 
solving differential equations, the analytical solution of the ADRE equation was obtained in a finite domain with variable coefficients for the 
upstream and downstream Dirichlet boundary conditions and the initial zero condition in the river. To use the analytical solution in this 
study, three examples are presented, each of which, the river are divided into two, four, and eight parts, which, while the parameters of flow, 
pollution, and river geometry are variable in all three examples, for each of the examples, the accuracy of the analytical solution available 
when the segmentation of the intervals increases as compared to the numerical solution. By specifying the matrices of velocity, dispersion 
coefficient, cross-section, etc. as input to the problem, the diffusion matrix is calculated and, consequently, a complex system of equations is 
created that doubles the complexity of the work. The amount of pollutant concentration is calculated by solving the system of the above 
equations. The numerical solution is used to validate the existing analytical solution, the results showed that the greater the number of river 
divisions, the higher the accuracy of the solution, and the two analytical and numerical solutions will be well compatible with each other. 
Given the ability and performance of the existing analytical solution, it can be acknowledged that the analytical solution in this study can be 
used as a tool to validate and verification numerical solutions and other analytical solutions for the coefficients of the equation. 
 
Keywords: Advection-dispersion-reaction equation, Concentration distribution function, Finite domain, Mathematical modeling. 
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Figure 1. Schematic of the river in modeling 
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Figure 2. The diffusion matrix shape is provided for the example 
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Figure 3. Analytical modeling process of pollution transport with variable coefficients in the river 
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Figure 4. Variation of flow cross-section along the river  

  

  
Figure 5. Variation of dispersion coefficient along the 

river 

  

  
Figure 6. Variation of velocity along the river  

  

  
Figure 7. River inlet boundary condition 

Table 1. The values of the flow and pollutant 

parameters in the example 1 
Interval 

 6 to 12 km 
Interval  

0 to 6 km Parameter 

0.68 0.68 Velocity (m/s) 
18.85 14.46 Dispersion coefficient (m

2
/s) 

35.04 31.24 Flow cross-section  (m
2
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Figure 8. Comparison of spatial profile concentration of 

the two analytical and numerical solutions for the 

example 1 (for 2 Intervals) at times a) 0.382 and b) 0.532. 

  

��'� ) 2�( 
� �6
�$8�� �N=A� (  2= L>� C��(

���� �� K
�,� �� �G"GH�  �"J-� K
��D �� ������
 .��� .�

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

A
/A

m
a

x

x/L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

D
/D

m
a

x

x/L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

V
/V

m
a

x

x/L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
/C

m
a

x

t/tmax

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
/C

m
a

x

x/L

a) t/tmax=0.382

n=2

Numerical
Analytical

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C
/C

m
a

x

x/L

b) t/tmax=0.532

n=2

Numerical

Analytical



*1 2�3)2� �!��4� /�"�0# 5�$!6� �7 #'89: ;��)' �� �0�<��� �7 �����,# �# &=39* >? @ 

  

 ����11 �  ����	4 �  ���
��1400 

693

 ���� ]�#U�� .�
�� .��S 2= �� L#�� � ���� &"
�7

�'� F��3� &
� C%>�� 
� .�(��  .��S � �G"GH� 2= &"�

 c��-��G"6 
� C9��E7 &
� 
� �����5/0 ��)  �� (��(�!�

���� 
� ?
 �� .��  ��(�!�382/0  �532/0 ) 2�( 
�8 (

Q��( �� ������ � ���� �
�* jA��6 �#/�H� .
��  .��  ��(

) ���� 
� ���� �� &
� .���4 ��1"� �� ���� L([* �� C(

�� 9��6 L>� 
� 2"+� .���
�� �
 ��� &  ��1"� F��3� ����

 
� ��
�� %U,� VU/ � �*�	6��7 K
�D CLS�/ K
��D

 c��-��G"65/0 �� :�B .L���� ������
 
� �!� ��  L/� �6^

2= 
� \
�
 .���U� ���� �6  .�U� C�"N� .��S .��

���6��* .�U� C.��S �*�	6��719 ����6 .�U� ����620 

� &
� 
� 
�G"� 4�� �D�

 FA'��� qA-�  CL�"� �"iW�

�� &
����	� �"�,� L/� :�B CL>� ����B�� 
�N	�  .�	�

���� �� ������
 ?P�6 .�� 9"� �� .��( �-`�* �N�
� ��  

  

 ��2�3	� +�0�� 1$�' �� �
�
%� &' �(��#�� :

 �( ���)�	���4� �#�(  

�"#( �� 9R� &
� 
�  
��P �� �N��
�� ������
 C.��/

� .�-��G"6 �/ ���� �"�,�� ��( ���� F�|RO� �  ��

�� ) ���� F
�_24/�-� �
��,� �� ���'� ( .�"*  ��(

 ������ ��
�� %U,� VU/ � �*�	6��7 K
�D CLS�/

2�( �� ) .��4) �� (6.L/� ���  C(  

�"#( �� 2_�= \
�-�  &-`�*�N�
� �� �G"GH� .��/

�"�,� �� ���� �� 
� C���� 
��P �� ������
 .�	�  ��(�!�

382/0  �532/0 ) 2�( 
�9�� ����O� 2��> (  C�(��

�� &"	P Q��( �#/�H� .
��  .��  ���
�
� L�� ��(

 2= �� �G"GH� 2=) ���� 
� .��S4���  (  .L/�  

) 2�( �� ���� ��9-a K
�,� �� �G"GH� 2= L>� C(

���� 
��P  ��#> 2��> j�#
�,� ������
 
� �"J-� K
��D �� .�

.�
�� 
�6[� 2= � ����  .��S 2= �� ���� ]�#U��

�� ) 2�( �� o�#�
� 
� ��� C�(��9-b K
��D �""J� �i� C(

 CL=��� � �*�	6��7 K
�D CLS�/�� ��	P  ��1"� ��

 c��-��G"6 
� �'65/0 �� ��
� ?
 �� �� &
� � ��(  �	!�

 
�6[� c��-��G"6 
� K
�D �/ &
� ��
� 
��,� F��3�

�� �� �6 C�(�� �� ��	-/� �� ����  F
�_ .
��  ��
�,�

 �-`�*) ���� 
� .��S � �G"GH� 2= �� &"�4 �6 C(

�� 2= �� ��� ]�#U�� �� ��O�  
� qA-�� &
� �� C�(��

) 2�(9-bq�_ ( ��'� �N�. �� &"	P ��'�  jA#> �6 
�$

 �6^�(�� 1"P�� qA-�� &
� C �� �����  .���U� LGS

2= 
� \
�
 .�(�� 1"� .��S .��  

  

� :3�� ��2� +�0�� 1$�' �� �
�
%� &' �(��#�

�#�( 15
 �( ���)�	�  

 ������
 C�G"GH� 2= L>� ����B�� L�� C:�/ ��M� 
�

 ���� LO� �� �N� �
��5/1  
� �6 ��( �"�,� .�-��G"6

) ����3���� F�|RO� C(  &"Y��"� �
��,� �� ���'� ��

 �6^ L=��� � �*�	6��7 K
�D CLS�/��(  .L/�

�� &"	P �� \
�-��  9R� &
� 
� �G"GH� 2= .��/

�� ���.  ���� ��382/0  �532/0 ) 2�( 
�10 \
�-� � (

) ���� 
� .��S 2= �� �  .
�� 4.L/� ���  ( 

  
Table 2. The values of the flow and pollutant parameters in the example 2 

Interval 9 to 12 km Interval 6 to 9 km Interval 3 to 6 km Interval 0 to 3 km Parameter 
0.93 0.43 0.68 0.68 Velocity (m/s) 
22.5 16.07 13.14 16.29 Dispersion coefficient (m2/s) 
22.61 47.42 32.24 30.07 Flow cross-section  (m2) 

  
Table 3. The values of the flow and pollutant parameters in the example 3 

Interval  
10.5 to 12km 

Interval  
9 to 10.5km 

Interval  
7.5 to 9km 

Interval  
6 to 7.5km 

Interval  
4.5 to 6km 

Interval  
3 to 4.5km 

Interval  
1.5 to 3km 

Interval  
0 to 1.5km Parameter 

1.04 0.82 0.43 0.42 0.5 0.85 0.67 0.68 Velocity (m/s) 
21.38 23.63 19.88 12 10.63 15.5 18.75 14.25 Dispersion coefficient (m

2
/s) 

20.17 24.81 47.37 47.78 40.64 23.75 29.94 30.45 Flow cross-section  (m
2
) 
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Figure 9. Comparison of spatial profile concentration of the two analytical and numerical solutions for the example 2 (for 4 

Intervals) at times a) 0.382 and b) 0.532. 

  

     
Figure 10. Comparison of spatial profile concentration of the two analytical and numerical solutions for the example 3 (for 8 

Intervals) at times a) 0.382 and b) 0.532. 

 
Table 4. Error indexes for the three examples 

Example 3 Example 2 Example 1 
Index 

t/tmax=0532 t/tmax=0.382 t/tmax=0532 t/tmax=0.382 t/tmax=0532 t/tmax=0.382 
0.031 0.031 0.076 0.044 0.159 0.096 RMSE (kg/m3) 
99.28 99.7 94.86 98.62 76.67 94.35 R2 (%) 
0.023 0.02 0.057 0.03 0.11 0.056 MAE (kg/m3) 
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